In this paper, we investigate the properties of generalized bent functions defined on Z n 2 with values in Z q , where q ≥ 2 is any positive integer. We characterize the class of generalized bent functions symmetric with respect to two variables, provide analogues of Maiorana-McFarland type bent functions and Dillon's functions in the generalized set up. A class of bent functions called generalized spreads is introduced and we show that it contains all Dillon type generalized bent functions and Maiorana-McFarland type generalized bent functions. Thus, unification of two different types of generalized bent functions is achieved. The crosscorrelation spectrum of generalized Dillon type bent functions is also characterized. We further characterize generalized bent Boolean functions defined on Z n 2 with values in Z 4 and Z 8 . Moreover, we propose several constructions of such generalized bent functions for both n even and n odd.
Introduction
In the recent years several authors have proposed generalizations of Boolean functions [10, 15, 16, 18, 19] and studied the effect of Walsh-Hadamard transform on these classes. As in the Boolean case, in the generalized setup the functions which have flat spectra with respect to the Walsh-Hadamard transform are said to be generalized bent and are of special interest (the classical notion was invented by Rothaus [13] ).
Let us denote the set of integers, real numbers and complex numbers by Z, R and C, respectively and let the ring of integers modulo r be denoted by Z r . The vector space Z n 2 is the space of all n-tuples x = (x n , . . . , x 1 ) of elements from Z 2 with the standard operations. By '+' we denote the addition over Z, R and C, whereas '⊕' denotes the addition over Z n 2 for all n ≥ 1. Addition modulo q is denoted by '+' and it is understood from the context. If x = (x n , . . . , x 1 ) and y = (y n , . . . , y 1 ) are in Z n 2 , we define the scalar (or inner) product by x · y = x n y n ⊕ · · · ⊕ x 2 y 2 ⊕ x 1 y 1 . The cardinality of the set S is denoted by |S|, and the conjugate of a bit b will also be denoted byb. If z = a + b ı ∈ C, then |z| = √ a 2 + b 2 denotes the absolute value of z, and z = a − b ı denotes the complex conjugate of z, where ı 2 = −1, and a, b ∈ R.
We call a function from Z n 2 to Z q (q ≥ 2 a positive integer) a generalized Boolean function on n variables [16] . We denote the set of such functions by GB q n . If q = 2, we obtain the classical Boolean functions on n variables, whose set will be denoted by B n .
Let ζ = e 2πı/q be the complex q-primitive root of unity. The (generalized) Walsh-Hadamard transform of f ∈ GB q n at any point u ∈ Z n 2 is the complex valued function
If q = 2, we obtain the (normalized) Walsh-Hadamard transform of f ∈ B n , which will be denoted by W f . A function f ∈ GB q n is a generalized bent (gbent) function if |H f (u)| = 1 for all u ∈ Z n 2 . When q = 2, then f is bent (these exist for n even, only). If n is odd, a function f ∈ B n is said to be semibent if and only if |W f (u)| ∈ {0, √ 2}, for all u ∈ Z n 2 . Suppose f ∈ GB q n is a gbent function such that for every such u, we have H f (u) = ζ k u , for some 0 ≤ k u < q. Then, for such a gbent function f , there is a function F : Z n 2 → Z q such that ζ F = H f . We call such a function F the dual of f (Caution: only some gbent functions admit duals). By applying Theorem 1 below, one can easily see that the dual of a gbent function is also gbent, since the Walsh-Hadamard transform of the dual F is H F (u) = ζ f (u) . The sum
is the crosscorrelation of f and g at z. The autocorrelation of f ∈ GB q n at u ∈ Z n 2 is C f, f (u) above, which we denote by C f (u).
If 2 h−1 < q ≤ 2 h , for any f ∈ GB q n we associate a unique sequence of Boolean functions a i ∈ B n (i = 0, 1, . . . , h − 1) such that f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 h−1 a h−1 (x), for all x ∈ Z n 2 .
If q = 4, then for f ∈ GB 4 n as in (1) we define the Gray map ψ( f ) : GB 4 n → B n+1 by ψ( f )(z, x) = a 0 (x)z + a 1 (x), for all (z, x) ∈ Z 2 × Z n 2 .
The function ψ( f ) is referred to as the Gray image of f .
